Abstract. Given a locally compact abelian group G with a measurable weight ω, it is shown that the Beurling algebra L 1 (G, ω) admits either exactly one uniform norm or infinitely many uniform norms, and that L 1 (G, ω) admits exactly one uniform norm iff it admits a minimum uniform norm.
A uniform norm on a Banach algebra A is a (not necessarily complete) algebra norm | · | satisfying the square property |a 2 | = |a| 2 (a ∈ A). It is easy to see that any two equivalent uniform norms on a Banach algebra are identical. Thus two uniform norms are either identical or different. A Banach algebra A has the unique uniform norm property (UUNP ) if it admits exactly one uniform norm; in this case, the spectral radius on A is the only uniform norm. Every regular, semisimple, commutative Banach algebra has UUNP; in particular, the uniform algebra C(X) on a compact Hausdorff space X and the group algebra L 1 (G) on a LCA group G have UUNP. On the other hand, the disc algebra A (D) has infinitely many uniform norms [BhDe1] . Banach algebras with unique uniform norm have been investigated in [BhDe2] , where it is shown that the Beurling algebra L 1 (G, ω) (which is always semisimple [BhDe3] ) has UUNP iff L 1 (G, ω) is regular. In this paper we prove that L 1 (G, ω) has either exactly one uniform norm or infinitely many uniform norms; and that it has UUNP if and only if it has a minimum uniform norm. This leads to the following question that remains open: Does there exist a (necessarily commutative and semisimple) Banach algebra A which admits finitely many distinct uniform norms?
Throughout let G be a locally compact abelian (LCA) group, let λ be a Haar measure, and let ω be a weight on G, i.e., a strictly positive measurable
(G) is a semisimple commutative Banach algebra with the convolution product and the norm f ω := G |f (s)|ω(s) dλ(s) [BhDe3] . An ω-bounded generalized character on G is a continuous group homomorphism
has UUNP, then clearly it has a minimum uniform norm. Conversely, assume that it has a minimum uniform norm, say
and by using elementary Gelfand theory, one can see
(G, ω) and the result is proved. So we prove F = H(G, ω) in the following two steps.
Step
This holds for each θ ∈ G. So for each θ ∈ G and f ∈ L 1 (G, ω), we have |f | F ≤ |f | θF , i.e., |f | F ≤ |θf | F . The last inequality is true for each f . So replacing f by θf , we get |f | θF = |θf | F ≤ |f | F . Thus for each α ∈ F , the complex homomorphism ϕ θα is | · | 0 -continuous, i.e., θF ⊆ F . This is true for each θ ∈ G. Hence F = GF .
Step 2. F = H(G, ω).
Thus | · | β is a uniform norm and |f | β < |f | F , which is a contradiction because the latter is the minimum uniform norm on L
(G, ω). This proves
Step 2 and the result is proved.
The above result is not true in arbitrary semisimple commutative Banach algebras. For example, let G be a non-discrete LCA group. Then the measure algebra M (G) has a minimum uniform norm, namely Proof. Assume that L 1 (G, ω) has more than one distinct uniform norm.
Thus G must be non-compact, and so its dual group G is not discrete. Now choose α ∈ H(G, ω) and define ω(s) = ω(s)/|α(s)| (s ∈ G). Then ω is a weight and ω ≥ 1 on G. It is easy to see that the map T :
= αf is an isometric algebra isomorphism. Hence we may assume that ω ≥ 1 on G. Therefore G ⊆ H(G, ω) . Now we define
As in the proof of Theorem 1, any two distinct elements α and β in H p (G, ω) will give distinct uniform norms on L 1 (G, ω), namely | · | α and | · | β . Now consider the following two cases:
(G, ω) admits infinitely many uniform norms. In this case H p (G, ω) = {1 G }, where  1 G is the identity of G, and H(G, ω) = G. Since L 1 (G, ω) does not have UUNP, there exists a proper closed subset F of G which is a set of uniqueness for
. We show that they are distinct. It is enough to show that |g| 0 
Moreover,
Thus |g| 0 ≤ 1/2 < |g| 1 . This completes the proof. 
